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In this paper we propose a new methodology for the design of a feedforward action for the improvement
of the set-point following performance of feedback controlled square MIMO processes. In particular, by
exploiting an analytical decoupling technique, the feedforward signals are determined in order to achieve
predefined output transition times, by assuming that the transfer function matrix of the system consists
of first order plus dead time transfer functions. An analytical expression of the feedforward signal is
derived and this allows to solve easily a multiobjective optimisation problem in order to minimise the
transition time of each output subject to constraints of the actuators. Simulation as well as experimental
results demonstrate the effectiveness of the method.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Proportional–Integral–Derivative (PID) controllers are undoubt-
edly the most widely adopted controllers in industry because of
their capability to provide a satisfactory performance for a wide
range of control tasks despite their relative ease of use. Actually,
it is well known that the performance obtained by a PID controller
much depends, in addition to the tuning of the PID parameters, to
the appropriate implementation of those additional functionalities,
such as anti-windup, set-point filtering, feedforward, and so on,
that have to (or can) be added to the basic PID control law in order
to deal with practical issues [1]. Methodologies for the effective de-
sign of these features are nowadays easier and easier to imple-
ment, due to the increase of computational power available in
Distributed Control Systems (DCS) as well as in single-station con-
trollers. In any case, in order to preserve the ease of use of the con-
troller, these functionalities should be transparent to the user as
much as possible or, alternatively, they have to be very intuitive.

In this context, a particular attention has been paid by research-
ers to the synthesis of a suitable feedforward control action in or-
der to improve the set-point following performance. Different
approaches have been devised. For example, a (linear) noncausal
approach has been proposed in [2] for the continuous-time case
ll rights reserved.
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and in [3] for the discrete-time case. In the context of causal tech-
niques, with the aim of improving the classical linear feedforward
controller design [4,5], a nonlinear feedforward action has been
proposed in [6–8], where the constraints on the actuators are con-
sidered explicitly (note that the feedforward control action is ap-
plied directly to the actuator). In particular, in [8] a technique
inspired by the bang–bang control strategy [9] is derived in order
to obtain a user-defined process output transition time when a
set-point change is required. The technique relies on assuming a
first order plus dead time (FOPDT) model of the process and on
applying a constant signal of a determined value for the predefined
output transition time. The reference signal for the closed-loop sys-
tem is determined at the same time by filtering appropriately the
step reference signal.

However, in all these feedforward design approaches that have
been proposed until now, only the single-input–single-output
(SISO) case has been addressed, while many industrial processes
are actually multivariable systems. Thus, in this paper we extend
the method proposed in [8] to square multi-input–multi-output
(MIMO) systems (with no RHP zeros). The analytical decoupling
control strategy presented in [10] will be exploited for this pur-
pose. Then, an analytical expression of the feedforward signal for
each input is derived so that a multiobjective optimisation prob-
lem can be easily solved in order to minimise the transition time
of each output subject to constraints of the actuators.

The paper is organised as follows. The feedforward design
method is explained in Section 2. The optimisation problem is de-
scribed in Section 3. Simulation results are presented in Section 4,
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while experimental results are shown in Section 5. Conclusions are
drawn in Section 6.
2. Methodology

We consider a linear, time-invariant, continuous-time MIMO
system whose matrix transfer function is:

PðsÞ ¼ PijðsÞ
� �

i; j ¼ 1; . . . ;m; ð1Þ

where PijðsÞ are assumed to be FOPDT transfer functions, namely,

PijðsÞ ¼
Kij

Tijsþ 1
e�Lijs i; j ¼ 1; . . . ;m: ð2Þ

The aim of the proposed methodology is to design a control scheme
based on a feedback (PID) controller plus a feedforward term aim-
ing at achieving, starting at time t ¼ 0, a transition of each process
output y ¼ ½y1; . . . ; ym�

T from the constant value y0 ¼ ½y0
1; . . . ; y0

m�
T to

the constant value y1 ¼ ½y1
1; . . . ; y1

m�
T in predefined time intervals of

duration s ¼ ½s1; . . . ; sm�T . Hereafter, for the sake of clarity and with-
out loss of generality, null initial conditions will be assumed.

The overall control scheme is shown in Fig. 1 where uff is the
feedforward action, C is the (decentralised) feedback controller, F
filters each reference signal and the dashed part is not actually
present in the control scheme but it is useful for the purpose of de-
sign. Indeed, r0 is a fictitious command input and D is a decoupler
to be determined by applying the analytical method presented in
[10].

By assuming rf ¼ y, denote as H the closed-loop system transfer
matrix from r0 to y, which can be determined as

HðsÞ ¼ PðsÞDðsÞ Iþ PðsÞDðsÞð Þ�1
: ð3Þ

Ideally, HðsÞ should have a diagonal form, namely,

HðsÞ ¼

H11ðsÞ 0 � � � � � � 0

0 H22ðsÞ 0 � � � 0

0 . .
. . .

. . .
.

0

0 � � � � � � 0 HmmðsÞ

2
66666664

3
77777775
: ð4Þ

Substituting (4) into (3) we obtain the decoupler expression

DðsÞ ¼ P�1ðsÞ H�1ðsÞ � I
� ��1

¼WðsÞdiag
HiiðsÞ

1� HiiðsÞ

� �
m�m

; ð5Þ

where

WðsÞ ¼ adjðPðsÞÞ
detðPðsÞÞ ð6Þ

and adjðPðsÞÞ is the adjoint of the process transfer matrix PðsÞ. We
can rewrite WðsÞ as

WðsÞ ¼ GijðsÞe
�Lijs

h i
i; j ¼ 1; . . . ;m; ð7Þ

where �Lij are suitable scalars so that GijðsÞ has at least one polyno-
mial term in the denominator that does not include any time delay.
Then, a rational expression for GijðsÞ is obtained by using the linear
fractional Padé expansion [10].
Fig. 1. The overall control scheme.
In particular, when the process has no RHP zeros (see Remark
2), if the diagonal elements of the decoupled system matrix are
chosen as

HiiðsÞ ¼
e�hi s

Tiisþ 1
i ¼ 1; . . . ;m; ð8Þ

where

hi ¼maxfLi1; . . . ; Limg i ¼ 1; . . . ;m; ð9Þ

then, the resulting elements of the decoupler transfer matrix can be
determined analytically as [10]

DjiðsÞ ¼
GijðsÞe�ðhi�LijÞs

Tiisþ 1
1

1� e�hi s

Tiisþ1

j; i ¼ 1; . . . ;m: ð10Þ

Once the decoupler D has been designed, the feedforward action uff

can be determined by applying the method described in [8] to the m
SISO systems HiiðsÞ; i ¼ 1; . . . ;m. In particular, uff results from the
application of the command input r0 that yields the desired output
transition, namely, each command input r0i; i ¼ 1; . . . ;m is selected
as

r0iðtÞ ¼
�r0i if t < si;

y1
i if t P si;

�
i ¼ 1; . . . ;m; ð11Þ

where

�r0i ¼
y1

i

1� e�si=Tii
i ¼ 1; . . . ;m: ð12Þ

It is worth stressing that if the process is described perfectly by the
model (1) and (2), then, the process output is given by the applica-
tion of the input (11) and (12) to the decoupled process (4). In par-
ticular, for t P si þ hi the ith output is given by the difference of two
step responses (where the second one is delayed by si with respect
to the first one), namely,

yiðtÞ ¼
y1

i

1� e�si=Tii
1� e�

t�hi
Tii

	 


þ y1
i �

y1
i

1� e�si=Tii

	 

1� e�

t�hi�si
Tii

	 

¼ y1

i : ð13Þ

Thus, formally, we have that the nominal system output is

yiðtÞ¼
0 if t6 hi;

�r0i 1�expð�ðt�hiÞ=TiiÞð Þ if hi < t< hiþsi;

y1
i if t P hiþsi;

8><
>: i¼1; . . . ;m:

ð14Þ

Then, by taking into account that the closed-loop reference signal
vector rf has to be equal to the desired process output, each step
reference signal ri of amplitude y1

i has to be filtered by the system

FiiðsÞ ¼
�r0i=y1

i

Tiisþ 1
e�his i ¼ 1; . . . ;m ð15Þ

and then saturated at the level y1
i . Thus, it is

FðsÞ ¼

�r01=y1
1

T11sþ1 e�h1s 0 � � � � � � 0

0
�r02=y1

2
T22sþ1 e�h2s 0 � � � 0

0 . .
. . .

. . .
.

0

0 � � � � � � 0 �r0m=y1
m

Tmmsþ1 e�hms

2
6666666664

3
7777777775
: ð16Þ

Unavoidable model uncertainties are handled by a feedback action
which can be provided by (decentralised) PID controllers that can
be tuned by any conventional method [11,12].



Fig. 2. Positive feedback loop LðsÞ.
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Remark 1. It is worth stressing that feedback PID controllers have
been considered because, as already mentioned, they are the most
employed controllers in industry. However, the design methodol-
ogy for the feedforward control design is independent of the
structure of the feedback controllers and can be therefore applied
with any feedback controllers.

Remark 2. While numerical procedures can be applied in general
in order to verify that the process has no RHP zeros [10], the dual-
locus diagram method [13] can be exploited in the relevant case
m ¼ 2. In particular, the transmission zeros of the system (1) and
(2) are the solution of the following equation:

K11

T11sþ 1
e�L11s K22

T22sþ 1
e�L22s � K12

T12sþ 1
e�L12s K21

T21sþ 1
e�L21s ¼ 0;

ð17Þ

which can be rewritten as

e�
�Ls ¼ /ðsÞ; ð18Þ

where

�L ¼ L11 þ L22 � L12 þ L21ð Þ ð19Þ

and

/ðsÞ ¼ K12K21

K11K22

	 

ðT11T22Þs2 þ ðT11 þ T22Þsþ 1
ðT12T21Þs2 þ ðT12 þ T21Þsþ 1

: ð20Þ

Eq. (18) can be solved with the dual-locus diagram method, looking
for the interceptions between the unit circle (e��Ls) and the Nyquist
curve of /ðsÞ. The unit circle can be covered either clockwise or
counterclockwise according to the sign of /ðsÞ.

Remark 3. In general, the selection of the time constant for each
diagonal element of the decoupled system matrix (8) is arbitrary.
Here, the choice of using Tii; i ¼ 1; . . . ;m (namely, the same time
constants of the diagonal elements of the process transfer matrix),
which is sensible from a practical point of view, is motivated by the
fact that a simple optimisation problem is eventually posed (see
Section 3). In any case, note again that the output transition times,
which are the relevant parameters in order to satisfy the control
requirements, can be selected arbitrarily.

Remark 4. It is worth stressing that, among the different decou-
pling strategies that have been proposed (see, for example,
[14,15]), we selected that presented in [10] because it allows to
obtain analytically a decoupled multivariable transfer function
with FOPDT elements.
3. Multiobjective optimisation

From a practical point of view the user can define the transition
times according to the control specifications and then the feedfor-
ward action can be determined by following the methodology ex-
plained in Section 2. Alternatively, the transition times can be
minimised subject to the saturation constraints of the actuator,
that is, subject to limits on the control variable u. However, by tak-
ing into account that in the nominal case, the output uc of the feed-
back controller is zero, the constraints can be equivalently posed to
the feedforward vector signal uff . This actually yields to the con-
struction of a Pareto set of output transition times. Formally, the
multiobjective optimisation problem (MOP) can be posed as
follows:

min
s2Rm

þ
s ð21Þ
subject to

um;i 6 uff iðtÞ 6 uM;i 8t P 0 i ¼ 1; . . . ;m; ð22Þ

where Rþ denotes the set of positive real numbers and the values
um;i uM;i; i ¼ 1; . . . ;m are, respectively, the minimum and maximum
given saturation limits of the actuators.

Let the feasible set of the MOP (21) and (22) be denoted as

F :¼ fs 2 Rm
þ : um;i 6 uff iðtÞ 6 uM;i 8t P 0; i ¼ 1; . . . ;mg: ð23Þ

Denoting by oF the boundary of the feasible set F we have that the
Pareto set that is the solution of the addressed MOP is

P :¼ fs� 2 oF : 9= s 2 oF : fs 6 s� and 9si : si < s�i gg: ð24Þ

In order to solve the optimisation problem, it is useful to determine
an analytical expression of the feedforward vector signal uffðtÞ. An
obstacle for this is represented by the positive feedback loop

LðsÞ :¼ 1

1� e�hi s

Tiisþ1

ð25Þ

in the elements of the decoupler transfer matrix DðsÞ (see (10)).
However, it can be recognised that this feedback structure (see
Fig. 2) is the same of the integral part of a PI controller in automatic
reset configuration with the addition of a dead time [1]. Thus, a con-
venient way of approximating the transfer function (25) is to con-
sider the following system:

~LðsÞ :¼ 1þ Ki

s
e��hi s; ð26Þ

where Ki and �hi can be determined by solving the following equa-
tions that impose, respectively, that the final value of the impulse
and step responses are the same, namely:

lim
s!0

s~LðsÞ ¼ lim
s!0

sLðsÞ ð27Þ

and

lim
s!0

~LðsÞ ¼ lim
s!0

LðsÞ: ð28Þ

This yields to:

Ki ¼
1

Tii þ hi
ð29Þ

and

�hi ¼
1
2

hið2Tii þ hiÞ
Tii þ hi

: ð30Þ

An example of the accuracy of the step response approximation is
given in Fig. 3, where the values Tii ¼ 10 and hi ¼ 2 have been se-
lected (note that it is Ki ¼ 0:083 and �hi ¼ 1:83). Once LðsÞ is approx-
imated by ~LðsÞ;uffðtÞ can be determined as

uffðtÞ ¼L�1 DðsÞ R0ðsÞ � YðsÞ
� �� �

; ð31Þ

where L�1 is the inverse Laplace transform operator, R0ðsÞ is the La-
place transform of the command input vector r0ðtÞ (see (11)) and
YðsÞ is the Laplace transform of the nominal output vector yðtÞ
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(see (14)). The Laplace transform of elements of the command input
vector can be derived from (11) as

R0iðsÞ ¼
�r0i
s
�

�r0i � y1
i

s
e�si s i ¼ 1; . . . ;m; ð32Þ

while the Laplace transform of the elements of the nominal output
vector can be derived from (14) as

YiðsÞ ¼
y1

i

Tii 1� e�si=Tiið Þ
1

sþ 1=Tii
e�his � y1

i e�si=Tii

Tii 1� e�si=Tiið Þ

� 1
sþ 1=Tii

e�ðhiþsiÞs i ¼ 1; . . . ;m: ð33Þ

Once the (approximated) analytical expression of the feedforward
action is available, the Pareto set of the multiobjective optimisation
problem can be determined quite straightforwardly by adopting a
standard multiobjective optimization procedure such as the e-con-
straint method [16]. Note that the set is not convex in general (see
Section 4).

Remark 5. From a practical point of view, in order to address the
robustness issue, it is worth to consider constraints in (22) that are
slightly smaller than the actual physical limits of the actuators. In
fact, the actuator should be also capable to provide the control
action determined by the feedback PID controllers due to the
unavoidable model uncertainties.

Remark 6. It is worth stressing that, once the output transition
times have been selected, the feedforward control law can be
implemented either by applying the analytical expression of
uffðtÞ or by implementing explicitly the dashed part of the control
scheme in Fig. 1 (for example in a Distributed Control System) and
by applying the command signal vector r0ðtÞ.
19 20 21 22 23 24 25
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Fig. 4. Results of the MOP for the first example. Dashed line: boundary oF of the
feasible set. Circles: Pareto set P.
4. Simulation results

In order to show the effectiveness of the proposed methodol-
ogy, the Shell Heavy Oil Fractionator benchmark problem [17]
has been considered as a first example. This process is described
by the following transfer function (where inputs are the top and
side draws while outputs are top and side end points of a distilla-
tion column) with m ¼ 2:

PðsÞ ¼
4:05

50sþ1 e�27s 1:77
60sþ1 e�28s

5:39
50sþ1 e�28s 5:72

60sþ1 e�14s

" #
: ð34Þ
The decentralised feedback controllers have been selected of PI
type, namely:

CðsÞ ¼
Kp1 1þ 1

Ti1s

� �
0

0 Kp2 1þ 1
Ti2s

� �
2
64

3
75: ð35Þ

They have been tuned by applying the BLT method [18]. The result-
ing parameters are: Kp1 ¼ 0:27, Ti1 ¼ 112:5;Kp2 ¼ 0:39; Ti2 ¼ 63:9.
The limits on the control variable have been posed as
um1 ¼ um2 ¼ �0:6 and uM1 ¼ uM2 ¼ 0:6. The result of the MOP for
y1 ¼ ½11�, where a discretisation of 0.2 has been selected for the
transition time s1, is shown in Fig. 4. It is clear that for s1 < 19 there
is no value of s2 for which the desired transition is obtained without
exceeding the limits posed on u1 and u2. The process outputs and the
control variables obtained by choosing s�1 ¼ 22:2 and s�2 ¼ 58:5 are
shown in Fig. 5. It is worth noting that the control variable u is deter-
mined only by the feedforward action uff , namely, the contribution
of the feedback PI controllers is negligible. The results obtained if
the feedforward action is not employed, that is, by using only the
PI controllers are plotted for comparison.

The results obtained for the cases y1 ¼ ½10� (s�1 ¼ 70) and
y1 ¼ ½01� (s�2 ¼ 40) are plotted in Figs. 6 and 7, respectively. The
system is virtually decoupled as expected.

It appears that the process variables are as desired and the con-
trol variables do not exceed their limits.

As a second illustrative example, a higher order system [19]
with m ¼ 2 has been considered:

PðsÞ ¼
�0:1153ð10sþ1Þ
ð4sþ1Þ3

e�0:1s 0:2429
ð33sþ1Þ2

e�2s

�0:0887
ð43sþ1Þð22sþ1Þ e

�12:6s 0:2429
ð44sþ1Þð20sþ1Þ e

�0:17s

2
4

3
5: ð36Þ

The FOPDT transfer functions have been identified through the
step-test method described in [20], yielding:

PðsÞ ¼
�0:1155
3:5sþ1 e�0:66s 0:243

57:6sþ1 e�12:7s

�0:0887
63:2sþ1 e�17:6s 0:243

55:5sþ1 e�10:2s

" #
: ð37Þ

Decentralised PI controllers have been tuned by applying again the
BLT method [18] that yields the following parameters:
Kp1 ¼ �16:6; Ti1 ¼ 20:75;Kp2 ¼ 70:6; Ti2 ¼ 80:23. The limits on the
control variable have been posed as um1 ¼ �7; um2 ¼ �11;uM1 ¼ 7,
and uM2 ¼ 11. The result of the MOP for y1 ¼ ½1 1�, where a discret-
isation of 0.2 has been selected for the transition time s1, is shown
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in Fig. 8. The process outputs and the control variables obtained by
choosing s�1 ¼ 39:6 and s�2 ¼ 34:2 are shown in Fig. 9. The results
obtained by using only the feedback PI controllers are plotted again
for comparison. It appears that the devised technique is effective
also in the presence of unstructured uncertainties. Note that the
use of the feedforward action allows to attain the actuator satura-
tion limits for very small time intervals, thus preserving the linear
behaviour of the control system.

5. Experimental results

In order to prove the effectiveness of the devised technique in
practical applications, a laboratory experimental setup (made by
KentRidge Instruments) has been employed (see a sketch of the
process in Fig. 10). Specifically, the apparatus consists of two cou-
pled small perspex tower-type tanks (whose area is 40 cm2). Water
is pumped into the top of each tank by two independent pumps
whose speeds are set by DC voltages (the manipulated variables),
in the range 0–5 V, through a PWM circuits. Each tank is fitted
with an outlet at the base in order for the water to return to a
reservoir. Then, a leakage between the two tanks is allowed in
order to obtain coupling between them. Thus, the apparatus is a
two-inputs–two-outputs system in which a level control is
implemented by means of a PC-based controller. For each tank,
the measure of the level of the water is given by a capacitive-type
probe that provides an output signal between 0 (empty tank) and
5 V (full tank). For the sake of simplicity, the level variables will be
expressed in Volts hereafter. Note that the system has a nonlinear
dynamics, because the flow rate out of a tank depends on the
square root of its level.

The selected control task requires a transition from
y0 ¼ ½2:2 2:2� V to y1 ¼ ½3:2 3:2� V. The FOPDT transfer functions
have been identified through the step-test method described in
[20], yielding:

PðsÞ ¼
1:12

30:37sþ1 e�s 0:84
40:95sþ1 e�2s

0:81
18:76sþ1 e�4s 0:93

21:25sþ1 e�s

" #
: ð38Þ
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feedforward action. Dashed line: y2 and u2 with feedforward action.
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Fig. 13. Output of the coupled tank apparatus. Solid line: y1 and u1 without
feedforward action. Dashed line: y2 and u2 without feedforward action.
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Fig. 9. Output of the system (36) when y1 ¼ ½11�. Solid thick line: y1 and u1 with
feedforward action. Solid thin line: y2 and u2 with feedforward action. Dashed thick
line: y1 and u1 without feedforward action. Dashed thin line: y2 and u2 without
feedforward action.
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The following values of parameters for the decentralised PI control-
lers were computed using BLT algorithm: Kp1 ¼ 5:42; Ti1 ¼
10:04;Kp2 ¼ 4:60; Ti2 ¼ 10. By taking into account the physical lim-
its of the actuators and the effect of the uncertainties, the limits on
the control variable for the MOP have been posed as um1 ¼ um2 ¼ 0
and uM1 ¼ uM2 ¼ 4:6. The resulting Pareto set P, together with the
boundary oF of the feasible set is shown in Fig. 11. The process out-
puts and the control variables obtained by choosing s�1 ¼ 25:36 and
s�2 ¼ 17:25 are shown in Fig. 12. The results obtained by using only
the feedback PI controllers are plotted in Fig. 13. It appears that the
feedforward action allows to improve the set-point following per-
formance with respect to the decentralised PI control, especially
by avoiding the detrimental effects of the saturations of the
actuators.
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6. Conclusions

In this paper we have proposed a new methodology for the de-
sign of a nonlinear feedforward control action for the set-point fol-
lowing control task to be applied to a MIMO process. A key role in
the method is played by an analytical decoupling technique which
allows to solve a multiobjective optimisation problem to minimise
the output transition times subject to limits of the actuator. Prac-
tical considerations have been highlighted and simulation as well
as experimental results have demonstrated the effectiveness of
the methodology which appears to be suitable to implement in
standard Distributed Control Systems.
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